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Abstract.  In this paper , we introduce gB; relation on the Lattic of submodules of a
X+Y _X+H

module M. We say that submodule X ,Y of M are B; equivalent, X g7 Y, if ~ S5 and

X—;Y < # ,for some HKTM .We show that 7 relation is an equivalence relation and has

good behavior with respect to addition of submodules and homomorphisms. This relation
is used to define and study the class of Goldie*-T-lifting modules.
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1-Introduction

Throughout this paper , rings are associative with identity and modules are unital left
R-modules . Recall that a submodule N of an R-module M is small, denoted by N<KM ,if
for any submodule X of M, N+ X =M impliesthat X =M [1] .In [2], the authors
introduced the concept of small submodule with respect to an arbitrary submodule .Let T
be an arbitrary submodule of a module M .Recall that a submodule N of M s called T-small
in M, denoted by N <M, in case for any submodule X of M, TEN+X implies that TSX
.The notions of smallness and T-smallness coincide if T=M .If T=0 ,then every submodule of
M is T-small in M .Also if T#0 ,then N <+ M implies that TZN .Recall that a module M is
H- supplemented if for every submodule A there is a direct summand D of M such that A+X
=M ifand only if D+X =M ,for every submodule X of M [3, P.95] .Recall that a module
M s lifting if for every submodule A of M ,there a decomposition M = D@D" such that D
c Aand AND KM [4] .Recall that submodules X , Y of M are equivalent, X 8* Y if and

only if == « = and == < = [5] .Recall that a module M is Goldie*- lifting, G*- lifting,
if and only if for each submodule X of M there exists a direct summand D of M such that
X B*D [5].

These observations lead us to introduce the 7 relation.
Let T be submodule of M, We say submodules X Y of M are 71 equivalent, X B1 Y if and

¢ X+Y X+H X+Y _Y+H
only if — = and TST,forsomeH LTM.

In section 2, we define and study Br relation on the set of submodules of a module M.
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In section 3, we introduced the concepts of Goldie*-T- lifting , T- lifting and T- H -
supplemented modules and we give basic properties and various characterizations for them .
Let Rbearing and M a left R—-module .If X € M, then X <M, X < M, XXTM, X <
@M, and End (M) denote X is a submodule of M, X is a small submodule of M, X is T-
small submodule of M, X is a direct summand of M and the ring of endomorphisms of M,
respectively .
Recall that a submodule N of M is a projection invariant if e (N) € N, for each e =e2 € End
(M) . Other
terminology and notation can be found in [3,4,7]

2- The 7 Relation .
In this section, we develop the basic properties of the 7 relation .

Definition 2.1 Let T be a submodule of a module M .We say submodules X ,Y of M are B;

equivalent, X g7 Y if % < % and % < % ,for some H <M.

Before we give our next result , we need the following proposition .

Proposition 2.2 [2] Let M be a module and let T,X and Y be submodules of M .
I-If X<YandY <M ,then X <M.

2-If X LtMand Y <1 M ,then X+Y <M.

3- Let f: M—N be a homomorphism and X <M ,then f(X) B, f(Y) .

Lemma 2.3 The B; relation is an equivalent relation .

Proof.
The reflexive and symmetric properties are clear .For transitively ,assume that X g7 Y and Y
Br Z .Then there is H; <M and H, <M such that XXLY < X;Hl and XYLY < % , % < Y+YH2

Y+Z _ Z+H2

and - < T.Hence X+Y < X+H; , X+Y < Y+H; and Y+Z < Y+H, ,Y+Z < Z+H, .Now
X+Z < X+Y+Z < X+Y+H, < X + Hy +H, and X+Z < X+Y+Z < Y+Z+H; < Z+H,;+H, .Hence
E < X+H1+H2 and ﬂ Z+H1+H2

" < ~ .Let H=H;+H, .By proposition 2.2-2 , H <M
.Therefore X B3 Z .Thus B7 is equivalent relation .

Note: Let M be a module ,then
1- X Bg Y [for all X,Y submodules of M .
2- Let X ,Y submodues of M such that X 87 Y .Then X <:M ifand only if Y <M.

Proposition 2.4 Let T be a submodule of M .Then submodules X, Y are f; equivalent
if and only if there exists H <M such that X+H=Y+H .
Proof .
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—) Let X B7 Y, then there exists H <M such that XXLY < % and XYLY < % .Now X+Y <

X+Y +H < Y+H+H = Y+H and Y+H < X+Y+H < X+H+H = X+H .Thus X+H=Y+H .
<) Assume there is H €M such that X+H=Y+H .Then X+Y < X+Y+H=X+X+H=X+H

X+Y _ X+H X+Y _Y+H
— and —

and X+Y < X +Y+H=Y+Y+H=Y+H .So — S —S— .Thus X 7 Y.

Proposition 2.5 Let T be a submodule of M .Then submodules X,Y are S5 equivalent if
and only if there exists H <M such that X+Y=X+H=Y+H .

Proof .
X+Y X+H X+Y

—) Let X B Y .Then——<=— and —< % for some H <tM .So X+Y < X+H and
X+Y < Y+H .By modular law, X+Y = (X+Y)N(X+H) = X+ ((X+Y)NH) and X+Y =
X+Y)N(Y+H) = Y+ ((X+Y) NH) .Let K= (X+Y)NH < H .By proposition 2.2-1 ,KLM
.Thus X+Y=X+H=Y+H.

<) Clear .

Proposition 2.6 Let X, Y be submodues of a module M such that X < Y+H; and Y <
X+H, ,for some T-small submodules H;,H, of M ;then X 87 Y .

Proof.
Let X <Y+H;and Y < X+H, ,for some H; <M and H,&<+M .Then X+Y < X+X+ H, = X+
H, < X+Hy+ H, and X+Y < Y+Y+H; = Y+H, < Y+H,+H, .Let H = Hy+H, .So XXLY < %

X+Y Y+H

and - <5 for some H <M ,by proposition 2.2-2 . Thus X 7 Y .

Proposition 2.7 Let X;,X,,Y1,Y> be submodules of a module M such that X; 87 Y and
Xz Br Yz jthen (Xi+Xz) B (Y1+Y2) .

Proof .

Assume that X; B7 Yy and X; B Y, .Then there exists H; <M and H,<{M such that
X1+H1:Y1+H1 and X2+H2 = Y2+H2 .Hence X1+X2+H1+H2 = Y1+Y2+H1+H2 LetH = H1+H2
.Then H <M ,by proposition 2.2-2 .So X;+X,+H=Y+Y,+H .Thus (X;+X;) B7 (Y1+Y3).
Corollary 2.8 Let X ,Y and H be submodules of a module M such that H €M .Then X g;
Y ifand only if X 87 (Y+H).

Proposition 2.9 Let f: M —N be an homomorphism and X ,Y be submodules of M such
that X 7 Y ,then f(X) B; f(Y) .

Proof .

Let X 87 Y, then there exists H <1 M such that X+H = Y+H .Hence f(X )+ f(H) = f(X+H)
= f(Y+H) = f(Y) + f(H) and f(H) <¢n N by proposition 2.2-3 .Thus f(X) 57 f(Y) .

3- Submodules B3 equivalent to a direct summand .
In this section ,we develop the properties of submodules B equivalent to a direct
summand .
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Definition 3.1 Let T be a submodule of a module M .We say that M is Goldie*-T-lifting
,G*-T-lifting, if for each submodule X of M ,there exists a direct summand D of M such that
X Bz D.

Proposition 3.2 L et M be a module .Then the following statements are equivalent:

1- M is G*-M-lifting module.

2- M is G*-lifting module .

3- M is H-supplemented module .

Proof .

1—-2) Let M be G*-M-lifting and let X be submodule of M .Then there exists a direct

summand D of M such that % < % and % < % , for some HK M .By [2,P.44] H
<M .Now let Ty :M —>% and
X+H D+H

p:M —>% be the natural epimorphisms .Then 1T (H) = —~ <<% and 17p (H) = -
X+D X+D

[2] ,s0 ~ <<% and e <<% .Hence X g*D .Thus M is G*-lifting .

2—1) Let M be G*-lifting and let X be a submodule of M .By [5],then there exists a direct
summand D of M and S <M such that X+D=D+H =X+H .By [2,P.44] ,S<{M .By
proposition (2.4) X B;; D .Thus M is G*-M -lifting .

26>3) By [5,P.49] .

M
<<E By

Proposition 3.3 Let T be a submodule of a module M .Consider the following statements :
1- For each submodule X of M, there exists a decomposition M=D+D =X+D" and (X+D)ND"
<L1M.
2- For each submodule X of M, there exists a decomposition M=D+D'=X+D" and S <M
such that X+D

=D®S=X+S.
3- For each submodule X of M, there exists a decomposition M=D+D=X+D" such that
X Bt D.
4- M is G*-T-lifting module.
Then 152—3—4 .If every T-small submodule of M is projective invariant, then 3—1.
Proof .
1—-2) Let X be a submodule of M .Then there exists a decomposition M=D+D =X+D" and
(X+D)ND'&t M .By modular law X+D= (X+D)N(D®D") =De&((X+D)ND") , X+D=
(X+D)N(X+D") =X+((X+D) ND") .Let S= ((X+D)ND") .Thus X+D=D&S=X+S .
2—3) Clear by proposition (2.4) .
3—4) Clear by proposition (2.4) .
Now, assume that every T-small submodule of M is projective invariant and let X be a
submodule of M. Then there exists a decomposition M=D+D =X+D" such that X g7 D .By
proposition (2.4) ,there exists S €1M such that X+D=X+S=D+S .By modular law , X+D=
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(X+D)N(D&D") =D& ((X+D)ND") .Let P:M —D" be the projection map .Then P(S)
=P(D+S) =P(X+D) =P((X+D)ND") = (X+D)ND" .But S <tM and projective invariant ,then
P(S) = (X+D)ND’< S .By proposition 2.2-1 ,(X+D)ND <M .

Proposition 3.4 Let T be a submodule of a module M .Consider the following statements:
1- For each submodule X of M there exists a€End (M) such that a?= o ,M = X+(1-a))(M)
and (1-o)(X)

<M.
2- For each submodule X of M, there exists a decomposition M = D+D’= X+D" and
(X+D)ND KM .
3- M is G*-T-lifting module.
Then 1¢<>2—3.
Proof .
1—2) Let X be a submodule of M .Then there exists o.€End (M) such that o’= o, M =
X+ (1-a) (M) and (1-o) (X)<tM .Let D = o (M) and D= (1-0)) (M) .So M = D@&D'= X+D"
.Now ,(X+D)ND= (X +D) N(1-a)(M) .Claim that (X+D)N(1-c)(M)=(1-a)(X+D) .To show
that let a= (1-a)(b) €(X+D) N(1-a) (M) .Since (1-a)*=1-a ,then a=(1-a)*(b)=(1-a)(a)e(1-
a)(X+D) .Now ,let a=(1-a)(b)eoa(X+D) then ae(l-a) (M) .a=b-a(b)eX+D .Thus ae
(X+D)N(1-0)(M) .Now ,(1-a)(X)=(1-a)(X+D)=(X+D)N(1-a)(M)=(X+D) ND"* <M.
2—1) Let X be a submodule of M .There exists a decomposition M = D+D'= X+D" and
(X+D)ND &M .
Let a:M —D be the projection map .Clearly that o*= a.and M = a(M)®(1-a) (M) = X+(1-
o) (M) .Now ,(1-a) (X)=(1-a) (X+D) = (X+D)N(1-a) (M) = (X+D)ND KM .
2—3) Clear by proposition (3.3) .

Now we introduce the following two concepts.
Definition 3.5Let T be a submodule of M .We say that M is T-lifting if for each submodule
X of M ,there exists a direct summand D of M such that D < X and X 87 D .

Clearly that by proposition 2.5 ,M s T-lifting if and only if for each submodule X of M ,then
there exists a direct summand D and H <M such that X =D+H .

By [6] and [2] ,M is M-lifting if and only if M is lifting .
A lifting module need not be T-lifting ,VT < M .For example ,consider Z, as Z-module and
let T={0,2}one can easily show that Z, is lifting but not T-lifting .

Clearly that indecomposable module M is not T-lifting ,V0£T £ M ,For example ,Z as Z-
module .

286


http://proceedings.sriweb.org/

Global Proceedings Repository ;ﬂbn/é)l,_’f_j
American Research Foundation s - .

http://arab.kmshare.net,
ISSN 2476-017X p// /

Available online at http://proceedings.sriweb.org

Definition 3.6 Let T be a submodule of a module M .We say that M is T-H-supplemented
module if for each submodule X of M ,there exists a direct summand D of M such that T
c X+ K ifand only if T € D+ K ,for every submodule K of M .

Clearly that M is M-H-supplemented if and only if M is H-supplemented .It is known that
M is H-supplemented if and only if M is G*-lifting ,see [5,P.49] .

Proposition 3.7 L et M be a module .Then the following statements are equivalent:
1- M is T-H-supplemented module .
2- For each submodule X of M, there exists D <&M such that for each A<M with T ¢
X+D+A then T
cX+Aand T € D+A.
3- For each X < M, then there exists D <&M such that % KT+x % and X.%D «Kr+D % .
X D

Proof .

1-52) Let X be a submodule of M .Then there exists D < ®M satisfies (1) .Now, let A be
a submodule of M and T cX+D+A By (1) , T € X+ (X+A) = X+Aand T € D+ (D+A) =
D+A.

2—1) Let X be a submodule of M .Then there exists D < @M satisfies (2) .Let K be a
submodule of M such that T € X+K .Then T € X+D+K .By (2) ,T € D+K .Let H be a
submodule such that T € D+H .Then T € X+D+H .By (2) , T € X+H .Thus M is T-H-
supplemented module .

2—3) Let X be a submodule of M .Then there exists D < ®M satisfies (2) .To show XXLD

Krex = Let =5 € 2+ 2 Then T € X+D+A By (2) T € X+A = A Thus == € = By the

X
same way 2 &r4p =,
D D D
3—52) Let X < M,then there exists D<®&M such that % Kr+x % and % «<r+D % .Let Abea
X D

T+X X+D+A X+D A+X . X+D M
submodule of M such that T € X+D+A .Now — ¢ =—+— .Since — Kr+x —
X X X X X X X

T+X

X

,then c AX;X and hence T € X+A .By the same way T € D+A .

Proposition 3.8 Let T be a submodule of a module M .If M is G*-T-lifting modue ,then M

is T-H-supplemented module
Proof.
Let X be a submodule of M .there exists a direct summand D of M such that % <

HH and X%D < % Jfor some H <M .Let 1Tx: M —>% and 17p : M —>% be the natural

epimorphisms .Since H <1 M .By proposition 2.2-3 ,7tx (H) = % KT+x % and 7tp (H) =
X

% «Kr1+D % .Thus M is H-supplemented module .
D
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